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ABSTRACT

This paper presents a system that automatically produces high dy-
namic range manifold mosaics from a stream of images captured
by a handheld camcorder. The method gathers multiple images
of the same subject matter at different exposure levels, by sim-
ply allowing the camera’s automatic gain control feature (AGC) to
operate while the camera is in motion. The image registration al-
gorithm then simultaneously estimates the spatial and tonal align-
mnet between pairs of images from the video sequence. The 8
parameter projective transformation is used for the spatial align-
ment between pairs of images. Tonal alignment is computed by
using the inverse camera response function to linearize the pixel
response with respect to light quantity, and then finding the scalar
gain between the images. The alignment model thus has 9 pa-
rameters, which are jointly estimated in an iterative multiscale
least-squares method. Since it is not usually possible to accu-
ratly adjust the exposure of a hand held video camera, conven-
tianal methods for recovering the camera response function cannot
be used. To solve this problem a new method of obtaining camera
response function is presented that only requires that the camera be
equipped with an exposure lock feature. The method solves for the
response function directly using superposition constraints imposed
by different combinations of two (or more) lights to illuminate the
same subject matter.

1. INTRODUCTION

The creation of panoramic images from images obtained from a
camera that is free to pan, tilt and zoom, is well understood and
has been explored by many in the computer vision and graphics
fields. It seems however, that the tonal registration between images
is usually neglected. Many methods as a result, require that the
exposure is not changed during the image aquisition process. This
restriction seems rather unpleasant, since panoramic scenes often
contain large variations in lighting. It is also the case that many
inexpensive video devices, such as USB webcams are not equipped
with any manual exposure features.

The method described in this paper is a natural combination
of an interative image space registration technique with the pho-
toquantigraphic methods of high dynamic range imaging. The
technique allows panoramic scenes to be captured with an AGC
enabled video camera, and it facilitates the construction of high
dynamic range images, simply by centering the camera’s view on
different portions of the scene (with varying brightness). For ex-
ample, if when using AGC, we point the camera at bright objects,

the gain decreases so that darker objects in the periphery may be
underexposed. Similarly, when we point the camera at dark ob-
jects, the periphery will be over exposed. Since, the AGC in video
cameras, tend to respond quite slowly, as we pan from a bright ob-
ject to a dark object, the camera will transition smoothly through a
range of exposures, giving us a nice range of exposure settings for
the common subject matter.

To achieve a good spatial alignment between images, it is im-
portant to use a model that describes the transformation between
images acccuratly. The model most commonly used, is the eight
parameter projective coordinate transformation:
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where A,b, c contain the eight parameters of the projective
coordinate transformation (see equation (6).

This model is ideal since when applied across the entire image,
it can describe exactly the relation between two images where all
the objects in the scene are static and the camera is only free to
rotate and zoom. It is also exact for a planar scene imaged from
arbitrary locations. This latter point is not so important for the
common cylindrical and spherical panoramic mosaics, however for
the more general mosaicing framework presented by Peleg et. al.
[1] This extended capability is useful.

Since the handheld panning motion is primarily rotational, the
presented system makes use of a simple rotational model presented
by Peleg et. al. in [2] to coarsely estimate the transformation be-
tween images. This model describes the relation between images
as:
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,
and R is the rotation matrix describing the camera’s 3D rotation
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f is the camera focal length in pixels. (cx, cy) is camera’s princi-
ple point (were the optical axis of the camera intersects the image
plane). 1

The rotational model (2) requires that we know the focal length
of the camera, however the reduced number of free parameters
(three in total) makes the matching algorithm more stable and thus
more able cope with large camera motions. For the fine adjust-
mets in image registration, the presented methods makes use of
the full eight parameter model (1) with a ninth parameter added to
describe the change in camera exposure between images. Both of
these methods will be described in detail in the next section.

To use a single gain parameter to describe the change in pixel
values due to a change in exposure, the camera must be linear.
For example, if in image one, pixel (x, y) has value I1(x,y) and
we double the exposure for image two, then corresponding pixels
must have twice the value. i.e. I2(x,y) = 2I1(x,y). It is known
that most cameras can be quite non-linear especially in the extents
of their range. It is therefore necessary to find a function that re-
lates the pixel values to photoquatities. This funcion is known as
the camera response function. Once this function is known, the
camera can be linearized by applying the inverse camera response
function to the pixel values.

In this paper, a method is presented that determines the inverse
response function of the camera by using the superposition prop-
erty of light. The method solves for the inverse response function
directly using superposition constraints imposed by different com-
binations of two (or more) lights to illuminate the same subject
matter. The method overcomes the problem of needing to accu-
ratly set the exposure of the camera, and requires only that the
camera be equipped with an exposure lock feature.

2. SPATIAL ALIGNMENT

The basic spatial alignment technique is very similar to the method
presented by Shum and Szeliski in [2]. Alignment between pairs
of image is done in a coarse to fine framework, where first, an
image pyramid is computed, then starting at the coarsest level, the
motion model of choice is fit between the images using an iterative
method.

2.1. 8-Parameter Projective Transformation

At a given scale, we wish to estimate the motion between two
images I0(x) and I1(x), in terms of a parametric motion model
x′ = f(x,m) where the components of m are the motion param-
eters. We would thus like to minimize:

εm =
X

∀x

[I1(f(x,m)) − I0(x)]2 (5)

Here we are assuming that the exposure has not changed between
images. This case will be considered in a later section. For the full

1
cx and cy can be approximated by using the pixel coordinates for the
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To iteratively solve for m, we compute the first order Taylor
series approximation of I1(f(x,m)) with respect to m.

I1(f(x,m)) ≈ I1(x) + ∇I1(x)
∂f

∂m
m (7)

By using an update vector d = [d0, d1, d2, d3, d4, d5, d6, d7]
T

such that:

[m00, m01, m02, m10, m11, m12, m30, m31, m32]
T

= [1+d0, 1+d1, 1+d2, 1+d3, 1+d4, 1+d5, 1+d6, 1+d7, 1]
T

(8)

We can simplify (9) to:

I1(f(x,m)) ≈ I1(x) + ∇I1(x)J(x)d (9)

where, ∇I1(x) is the image gradient of I1 at location x, and
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is the Jacobian of the projective transformation with respect m.
By combining this result with equation (5), we obtain:

εm ≈
X

∀x

[I1(x) + ∇I1(x)J(x)d− I0(x)]2 (11)

To minimize (11), we use the standard least-squares solution
by normal equations.

Ad = −b (12)
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is the Hessian, and

b =
X

∀x

[(I1(x) − I0(x))J(x)∇I1(x)] (14)

is the residual. Since A is symmetric and non-singular, it is easily
inverted to solve for the motion parameters d.

Since equation (9) is only a first order approximation of
I1(f(x,m)), the solution for m by (8) will only be accurate for
small values of d. This means that in general the estimated pro-
jective transformation between pairs of images will only be accu-
rate for smallcamera motions. In order to increase the range of
the technique (larger camera motions), we make use of the fact
that the set of projective transformations forms a group and is thus
closed under composition, to iteratively solve for desired motion
parameters.

The iterative method has the following steps:



(i) Estimate the motion parameters m of equation (6) by min-
imizing equation (11).

(ii) Use the inverse transformation f−1(x,m) to warp the orig-
inal image I0 to create Ĩ0.

Ĩ0(x) = I0(f−1(x,m)) (15)

(iii) Estimate the motion parameters m′ between I1(x) and Ĩ0(x)

by using the updated residual vector b̃:

b̃ =
X

∀x

h“

I1(x) − Ĩ0(x)
”

J(x)∇I1(x)
i

(16)

(iv) Generate an improved motion estimate of f(x,m) by com-
posing f(x,m′) and f(x,m).

(v) goto (ii) until the desired accuracy has been achieved
To make use of the group properties of the projective motion

model (6), it is natural to use the matrix formulation in homoge-
nous coordinates.
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or in vector notation:

X
′ ∼ MX (18)

The inverse transformation can now be simply written as:

X ∼ M
−1

X
′ (19)

Incremental motions can then be composed into one transforma-
tion by using this representation. I.e.

x
′ = f(f(x,m1),m2) = f(x,m′) (20)

as

X
′ ∼ M2M1X = M

′
X (21)

In the actual implementation of this algorithm, a coarse to fine
strategy is employed with the following steps:

(a) Construct an image pyramid for images I0 and I0, by blur-
ring with a Gaussian kernel and decimating.

(b) Low pass filter each image with a Gaussian kernel to smooth
the spatial image gradients.

(c) Compute ∇I1 using differences between adjacent pixels.
(d) Starting at the coarsest level, estimate the projective trans-

formation between the images using the iterative method
described above. Compute a predetermined number of iter-
ations before proceeding to the next level.

To improve the numerical stability of the method, all the im-
ages are rescaled such that x, y ∈ (−0.5, 0.5]. The actual transfor-
mation between images given by M is found from Ms the trans-
formation estimated from the scaled images:

M = SMsS
−1 (22)

where
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Here sx and sy are the x and y dimensions of the images.

2.2. 3-Parameter Projective Transformation (Rotational Model)

In the restricted scenerio where the camera motion is restricted
to rotations (in three dimensions) about the camera’s optic center.
The projective transformation relating pairs of overlapping images
can be described completly by the three Euler angles, describing
the 3D-rotation of the camera. This relationship is given by:

M ∼ TVRV
−1

T
−1 (24)

where T, V and R are defined in equations (3) and (4).
To solve the for M in an iterative scheme as in the previous

section, we use a linear approximation of the projective transfor-
mation for small rotations Ω = [∆θx.∆θy, ∆θz]

T about the cam-
era’s optical center in the camera coordinate system.

M ≈ TV[I + X(Ω)]V−1
T

−1 = T(I + DΩ)T−1 (25)

where
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is the cross product operator, and
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To solve for DΩ, we minimize:

εΩ ≈
X

∀x

[I1(x) + ∇I1(x)JΩ(x)Ω− I0(x)]2 (28)

with the origin of each image shifted using transformation T. The
least-squares solution by normal equations is again:

ArΩ = −br (29)

where

Ar =
X

∀x

h

JΩ(x)∇I1(x)∇I1(x)TJΩ(x)T
i

2

(30)

and

br =
X

∀x

[(I1(x) − I0(x))JΩ(x)∇I1(x)] (31)

and, the Jacobian of the projective transformation with respect to
[∆θx.∆θy, ∆θz]

T is:

JΩ(x) =
∂f

∂Ω
=

»

−xy/f f + x2/f −y
−f − y2/f xy/f x

–T

(32)

We can use the iterative method presented in the last section by
using this model for estimating the motion parameters at steps (i)
and (iii).



2.3. Estimating the Camera’s Focal Length

To use the 3-parameter motion model for estimating the projective
transformation, we need to know the camera’s focal length. To
estimate the focal length from pairs of images that are well regis-
tered using a projective transformation, the method presented by
Szeliski and Shum in [2] was implemented. It was found how-
ever that estimates provided by this method were very inconsistant
when applied to typical motion estimates from a handheld camera.
The lack of an error measure also makes it difficult to compare the
estimates that result from a large set of registered images. In [2]
the median value is used as the best focal length estimate. This
however, performs poorly in the presence of outlier points, which
will frequently occur with any non-rotational camera motion. The
observed inconsistancy in the method is however most likely due
to the implicit assumtion that recovered projective transformations
obey equation (24). To address these problems, a new method was
developed.

For general camera motions, the recovered projective transfor-
mation M when decomposed as in equation (24), will result in a
value for R that is not orthonormal. We should thus rewrite (24)
as:

M ∼ TVR̂V
−1

T
−1 (33)

By rearranging we get:

R̂ ∼ V
−1

T
−1

MTV (34)

Since M and T are known, we can ease the notation by writing:
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3
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The strategy is then to find the optimal value of f that make R̂

as similar as possile to a true rotation matrix. In other words, we
would like to solve for the “best” rotation matrix R to approximate
R̂. Here, “best” is quantified by the minimum Frobenius norm of
the difference R − αR̂. where α is a scalar multiplier to account
for the similarity relationship. Stated formally, the problem is:

R = arg min
R,α

‖R − αR̂‖2F (37)

with the constraint that:

R
T
R = I (38)

Since

‖R − αR̂‖2
F = h̄((R − αR̂)T(R − αR̂)) (39)

= 3 + α2h̄(R̂T
R̂) − 2αh̄(RT

R̂) (40)

where h̄ denotes the trace operator.
By computing the singular value decomposition (SVD) of R̂.

we have R̂ = UΛVT, where Λ = diag(σ1, σ2, σ3). We would
thus like to minimize (40):

ϑ = 3 + α2h̄(VΛU
T
UΛV

T) − 2αh̄(RT
UΛV

T) (41)

Using the properties of h̄, this becomes:

= 3 + α2h̄(Λ2) − 2αh̄(VT
R

T
UΛ) (42)

= 3 + α2
X

i

σ2
i − 2α

X

i

ziiσi (43)

where zii are the diagonal elements of Z = VTRTU

Since Z is an orthogonal matrix:

ϑ ≥= 3 + α2
X

i

σ2
i − 2α

X

i

σi (44)

ϑ is clearly minimized by setting R = UVT.
We can then solve for the minimizing α by differentiating (41)

by α and setting the result to 0.

∂ϑ

∂α
= 2α

X

i

σ2
i − 2

X

i

σi (45)

Therefore,

α =

P

i
σi

P

i σ2
i

(46)

The error in the rotation matrix R̂ with respect to its distance
from the nearest orthonormal matrix, can be written simply as:

ε
R̂

= min
R,α

‖R − αR̂‖2
F = 3 −

(h̄Λ)2

h̄(Λ2)
(47)

The focal length f can then be estimated by minimizing ε
R̂

with
respect to f using (47):

f = arg min
f

{min
R,α

‖R − αR̂(Q, f)‖2F} (48)

In the current implementation of the system the minimization
over f is carried out using the fminsearch function in Matlab. Esti-
mates can then be characterized by their error defined by (47) and
curvature in the error function at the minimum (computed through
a simple finite difference method). Two methods were compared
for determining the best estimate of the focal length. One method
was to use the estimate with the lowest error, The the other was to
take the median focal length as in [2].

The results from the two methods were tested by using the
different focal length estimates for the 3-Paramter rotation method
described in the previous section on a sequence of image, and com-
paring the resulting error as defined by equation (47). Three se-
quences were used: a smoothly panning video sequence, the same
sequence but using every 5th frame, and a carefully collected se-
quence with the camera panning about its optical center in large
steps. As expected, it was found that the carefully collected se-
quence produced the best results. The median method performed
slightly better than lowest error method with a large number of
input images, and much worse with a small number. Figure 1
shows a histogram of the estimated focal lengths for a Sony DCR-
TRV110 Handycam estimated from a 280 image smooth panning
video sequence.

In all of the methods and sequences, the focal length estimates
generally differed by no more than 15 percent. This amount of
deviation produced a negligable difference in performace of the
overall system, since the 3-parameter rotation method was used
only for coarse alignment.
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Fig. 1: Histogram of the estimated focal lengths for a Sony DCR-TRV110 Handycam
estimated from a 280 image smooth panning video sequence. Here the median focal
length is 1115 and the minimum error focal length 1385.

3. TONAL ALIGNMENT

While the geometric calibration of cameras is widely practiced and
understood [3][4], often much less attention is given to the camera
response function (how the camera responds to light). In digital
cameras, the camera response function maps the actual quantity of
light impinging on each element of the sensor array to the pixel
values that the camera outputs.

Linearity (which is typically not exhibited by most camera re-
sponse functions) implies the following two conditions:

1. Homogeneity: A function is said to exhibit homogeneity if
and only if f(ax) = af(x), for all scalar a.

2. Superposition: A function is said to exhibit superposition if
and only if f(x + y) = f(x) + f(y).

The two are often written together, as: f(ax + by) = af(x) +
bf(y).

In image processing, homogeneity arises when we compare
differently exposed pictures of the same subject matter. Super-
position arises when we superimpose (superpose) pictures taken
from differently illuminated instances of the same subject matter,
using a simple law of composition such as addition (i.e. using the
property that light is additive).

A variety of techniques have been proposed to recover camera
response functions, such as using charts of known reflectance, and
using different exposures of the same subject matter [5][6][7][8].
The method proposed here differs from other methods in that it
does not require the use of charts, nor a camera that is capable of
adjusting its exposure. The method produces very accurate results
and requires only that the camera has an exposure lock feature.

The comparagram, as defined in [5][9][6][10] has been widely
used as a tool for the comparison of multiple differently exposed
pictures of the same subject matter. With enough data, a direct
nonparametric solution for the camera response function can be
obtained, otherwise, a semi-parametric method such as Cando-
cia’s piecewise linear comparametric method will often provide
better results[5]. A drawback of completely nonparametric meth-
ods is that periodicity in the amplitude domain, i.e. amplitude “rip-
ples”, also known as fractal ambiguity [11] and comperiodicity
[12], plague the result unless more than two input images are used
with exposure differences that are inharmonic (in the amplitude
domain).

The method propose in this paper uses the notion of superpo-
sition rather than homogeneity to solve for the camera response
function. In this method the linear constraint eliminates the frac-
tal ambiguity. The following technique is used: in a dark envi-

ronment, set up two distinct light sources. Take three pictures,
one with each light on individually (pa, pb), and one with the two
lights on together (pc). From this data we solve for the camera
response function f by using the following constraints: For the
ith pixel position in each of the three images: pa[i] = f(qa),
pb[i] = f(qb), and pc = f(qa + qb). Where the quantity q is
known as the photographic quantity or photoquanity [5][10].Note
that the photoquantity is neither radiance, irradiance, luminance,
nor illuminance, rather, it is a unit of light, unique to the spectral
response of a particular camera.

3.1. The Camera Response Function

The camera response function f may in general be modeled by
cascading two non-linear functions as shown in figure 2. In this
diagram, the photographic quantity (photoquantity) of light mea-
sured by the sensor, is mapped into pixel space by a non-linear
dynamic range compression function and a uniform quantizer. We
call the first function the Range Compression Function because
most camera response functions, such as the familiar gamma map-
ping, are convex.

In this method it is assumed only that this function is mono-
tonic and convex[13]. The quantizer in turn maps the range com-
pressed photoquantities into discrete pixel values.

Fig. 2: The simple camera model used for the method. Lightspace values collected
by the camera sensor elements are compressed with a non-linear function, and then
quantized to yield pixel values.

By assumption the Range Compression Function is monotonic.
Thus: photoquantities in the range [q1, q2), q1 < q2 will result in
some pixel value p1; photoquantities in the range [q2, q3), q2 < q3,
will result in pixel value p2; with p1 < p2. We then simplify our
analysis by approximating the Range Compression Function as be-
ing linear between quantization points, and by assuming that the
probability distribution of the measured photoquantities is uniform
in this range. Therefore, given pixel value px, the maximum like-
lihood estimate of the original photoquantity q̄x is given by:

f−1(px) = qx =
qx + qx+1

2
, (49)

where qx and qx+1 are lightspace quantization points for pixel
value px.

3.2. Solving for the Inverse Camera Response Function

Since the property of superposition holds with photoquantities, we
can form the following equation:

f−1(f(qa)) + f−1(f(qb)) = q̂c. (50)
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Fig. 3: One of the image sets used. Leftmost: Picture with light A turned on. Middle:
Picture with light B turned on. Rightmost: Picture with light A and B turned on
together.

By equation (49), q̂c = q̄a + q̄b and by our assumptions, q̂c is the
maximum likelihood estimate of qa+qb given our prior knowledge
of f(qa) and f(qb). We can now form the superposition equation:

f−1(f(q̄a)) + f−1(f(q̄b)) = f−1(f(q̄a + q̄b)) + ε̄Q, (51)

where ε̄Q is the mean error due to quantization of q̂c. Under the
assumptions stated, we can solve for f−1, i.e. the mapping from
pixel value px to maximum likelihood (ML) photoquantities q̄x,
by minimizing the following equation:

e =
X

∀n

`

f−1(pa[n]) + f−1(pb[n]) − f−1(pc[n])
´2

, (52)

where pa[n], pb[n], pc[n] are the nth pixels of three images taken
of a scene with constant exposure and three illumination permuta-
tions of two light sources in an otherwise dark environment. Pixel
values pa and pb are from images of the scene with each of the two
light sources turned on independently. Pixel value pc is from the
image of the scene with both light sources turned on together, as
shown in Fig 3.

Since digital cameras output a finite range of discrete pixel
values, care must be taken when applying the assumptions made
at the ends of the camera’s range where clipping occurs. In the re-
mainder of the paper, we will assume that the camera outputs pixel
values in the range [0, 255] with clipping occurring at 0 and 255.
This is not always the case, but the modification to the analysis
under other conditions is very simple.

Using the proposed model, pixel values 0 and 255 are pro-
duced by the range of photoquantities [0, q1) and [q255,∞) respec-
tively. Since the range [q255,∞) is infinite in size, the assumption
that the distribution of photoquantities that produce a pixel value
of 255 will approach a uniform distribution over a finite number
of images will obviously not hold. A similar argument applies
for pixel value 0. We therefore do not try to solve for f−1(0) or
f−1(255), or equivalently, to solve for q̄0 and q̄255 . Instead we
can solve for the quantization points q1 and q255 . This allows us to
conclude that if we measure a pixel value of 0 with the camera, a
quantity of light below q1 was measured. Similarly, a pixel value
of 255 represents a photoquantity greater than q255 . The method
of solving for these thresholds is presented later in this section.

In accordance with this development, we define f−1 as the
mapping from pixel values (1, 2, 3...254) to the maximum likeli-
hood photoquantities (q̄1, q̄2, q̄3...q̄254). We can now write equa-
tion 52 more simply as:

e =
X

∀n,Pa,Pb
Pc 6=0,255

`

q̄pa[n] + q̄pb[n] − q̄pc[n]

´2 (53)

Equation (5) can be efficiently minimized using a singular
value decomposition (SVD). To do this, we represent f−1 as a

vector ~f−1 = [q̄1, q̄2, q̄3...q̄254 ]
T and we form a constraint matrix

A such that the nth row of the matrix corresponds to the nth pixel
in images pa, pb and pc. Each row has a 1 in columns a and b,
−1 in column c and zeros in all other columns. In the nth row, a,
b and c correspond to pixel values pa[n], pb[n] and pc[n] respec-
tively. The least squares solution of the homogeneous equation:
A~f−1 = 0 is then obtained by obtaining the SVD of A = UΣV T

and using the column of V corresponding to the smallest singular
value in Σ.

Solving for f−1 by this method assumes that the error: ε =
qa + q̄b − q̄c has zero mean. Without noise, clipping at 255 can
create a problem by biasing the distribution of the measured pixel
values. With camera noise, this bias becomes very significant in
pixel ranges near both clipping points: 0 and 255. Also, as with all
least squares methods, outlier points can significantly perturb the
solution.

With these considerations, the method is improved by robustly
estimating f(q̄c) by generating a histogram of the measured pixel
values of c for each additive combination of a and b. By assuming
that the normalized histogram is a reasonable approximation of
the actual probability distribution of c, we can use the peak of this
histogram ĉa+b as our best estimate of f−1(f(q̄a + q̄b)). Our
minimization problem thus becomes:

e =
X

∀pairs{x,y}

N{x,y}

`

q̄x + q̄y − q̄ĉx+y

´2 (54)

Where N{x,y} is the number of instances of f−1(a) + f−1(b) =

f−1(c) in the dataset.

For a digital camera with 256 pixel levels, this collection of
histograms can be expressed in a 256 × 256 × 256 array, with
the first two dimensions being the pixel values in image Pa and
Pb respectively, and the third dimension containing the number of
occurrences of each pixel value for each {a, b} combination. This
representation is effective since we can easily compile information
from multiple image sets by simply adding the collection of his-
tograms produced by each set, thereby increasing the accuracy of
our estimate of f(q̄c). In order to improve the estimate of the peak
location, the histograms are each smoothed with a Gaussian kernel.
This precedure is especially important when {a, b} combinations
are poorly represented.

To show that the method performs reliably, random synthetic
lightspace data was generated. To this data, a C1 continuous func-
tion was applied to the lightspace data, and the result quantized
into 256 imagespace/pixel values. Following this procedure, Gaus-
sian noise of standard deviation 10 was added to the pixel values.
The singular value decomposition method was then used to re-
cover the function using the described constraint matrix associated
with equation (54). The results of this procedure on the synthetic
data are shown in figure 4. As can be seen in the figure, the high
quantity of noise added has significantly affected the recovered
response functions, however it demonstrates the stability of the al-
gorithm. When more reasonable noise levels are used, such as a
standard deviation of 3, the results are very accurate.

In situations where only a small number of image sets are
available, or the camera exhibits a large amount of noise, it is nec-
essary to add smoothness term to the objective function (54) to
achieve reliable results:
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e =
X

∀pairs{x,y}

N{x,y}

`

q̄x + q̄y − q̄ĉx+y

´2
+ λ

X

n=3:252

f̈−1(n)2

(55)

where λ weights the smoothness term and f̈−1(n) is computed by:

f̈−1(n) = −~f−1[n − 2] + 16~f−1[n − 1]

− 30~f−1[n] + 16~f−1[n + 1] − ~f−1[n + 2] (56)

It was found that for high quality digital cameras (such as
a Nikon D1) the response function could accurately determined
without the smoothness term. However, it was necessary to find
the response function for the Sony DCR-TRV110 Handycam. The
results of applying the smoothness term can be seen in figure 5.
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Fig. 5: A comparison of the camera response functions solved using the method
presented, with and without the smoothness term. The dotted line represents the
solution without the smoothness constraint.

Once a good estimate for ~f−1 has been determined, we can
solve for the quantization point q1 by examining elements in the
collection of histograms that involve pixel value 0. We then apply
the inverse response function to the histogram and look for a step
in the distribution to infer the value of q1. The same method is
then used to determine q255 . In practice, q1 has little value since at
this low level, the noise inherent in the imaging system dominates.
In most cases, it is reasonable to simple assign f−1(0) = 0 and
f−1(255) = q255.

To test the accuracy of the recovered camera response func-
tions, a similar set of image triples are used: pa = f(qa), pb =
f(qb) and pc = f(qa+b). To make the test fair, we use a different
set of images then those used to generate the response function.
The inverse response function is applied to pa and pb and the re-
sulting photoquantities qa and qb are added. We now compare this
sum (in either imagespace or lightspace) with pc (or qc). The re-
sulting mean squared difference is then used to rate the response
function superposition error. This method can then be repeated
for sets of images with different lighting configurations to test the
full camera range.

3.3. Estimating the Exposure Difference Between Images of
Identical Subject Matter

If we have two images of identical subject matter varying only
exposure, we can use the inverse camera response function to allow
us to estimate the exposure difference.

Assuming the system is perfect and the lighting doesn’t change
between exposures, for a given pixel location x: image A has pixel
value PA(x) = f(q(x)) and image B has pixel value PB(x) =
f(κq(x)). Where κ represents the multiplicative change in expo-
sure. For example, using a shutter speed of 1/250 s in image A,
and a shutter speed of 1/500 s in image B would yeild κ = 2.
To solve for the κ we use the inverse response function ~f−1 and
minimize the following squared error objective function across the
entire image:

κ = arg min
κ

X

∀x

“

~f−1[PA(x)] − κ~f−1[PB(x)]
”2

(57)

Which is easily solved by:

κ =

P ~f−1[PA(x)]~f−1[PB(x)]
P

(~f−1[PB(x)])2
(58)

This solution assumes that we have equal certainty in the val-
ues of ~f−1[n] for all values of n. This is of course not true for
several reasons:

1. The variation in the slope of the inverse respone function
causes the quatization noise in the estimated photoquanties
to vary.

2. The recovered inverse response function can vary in accu-
racy for different pixel vales.

3. The noise characteristic of the camera varies for different
pixel values.

To account for these effects, a certainty function c[n] ∈ [eps, 1]
was created that describes our confidence in the photoquantites es-
timated for each pixel value n. We expect c[0] and c[255] to be
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Fig. 6: On the Left we have a plot of cf [n] for the Sony Handycam. On the right we
have a plot of the combined certainty function c[n] = cf [n]cQ[n], representing our
confidence in the photoquantity obtained using the inverse camera response function.

very small due to clipping. We include this function into our esti-
mate of κ by:

κ = arg min
κ

X

∀x

c[PA(x)]c[PB(x)]

{(~f−1[PA(x)] − κf̃
−1[PB(x)]}2 (59)

κ =

P

c[PA(x)]c[PB(x)]~f−1[PA(x)]~f−1[PB(x)]
P

c[PA(x)]c[PB(x)]~f−1[PB(x)]2
(60)

c[n] is determined in two steps: first the certainty in the re-
sponse function cf [n] is estimated experimentally, then the cer-
tainty due to quantization cQ[n] is estimated from the slope of the
response function. The combined certainty is then computes as:
c[n] = cf [n]cQ[n].

cf [n] is determined during the testing of the recovered inverse
response function as described at the end of last section. For each
common pixel in each triple of images: pa = f(qa), pb = f(qb)
and pc = f(qa+b), the inverse response function is applied to
pa and pb and the resulting photoquantities q̄a and q̄b are added.
We then compare f(q̄a + q̄b) with pc. The resulting mean squared
difference is then normalized by the number of pixels of value pc in
image C, and then are accumulated in an error histogram ehist[n]
at position pc. This process is applied to all the testing images,
and the resulting error histogram is normalized so that its it has the
range [0, 1). cf [n] is then computed as:

cf [n] = 1 − ef [n] (61)

For the results of this process applied to the Sony Handycam, see
figure 6. We expect the certainty function to be smooth, however,
since we are creating it with a finite amount of testing data, we
usually have to smooth the result.

The certainty due to quantization is calculated by taking the
derivative of the response function:

cQ[n] =
df(~f−1[n])

dq
(62)

In practice f is approximated by inverting ~f−1. The derivative is
approximated using a finite difference method. cQ is also normal-
ized so that its range is limited to (0, 1].

c[n] is then obtained by composing cQ and cf . The resulting
certainty function for the Sony Handycam can be seen in figure 6.

4. SIMULTANEOUS SPATIAL AND TONAL ALIGNMENT

In order register images from camera that varies its exposure (whether
through AGC or through manual adjustment), it is necessary to si-
multaneously estimate the motion parameters m and the exposure
parameter κ. The method presented is for the full 8-parameter pro-
jective model, since this is what is used in the current implementa-
tion, however the results are easily extended to other models. The
development is very similar to that presented in section 2.1, so only
the major points are covered.

Input images are first linearized (i.e. converted to photoquan-
tities) using the inverse response function:

Ī0(x) = ~f−1[I0(x)] (63)

Ī1(x) = ~f−1[I1(x)] (64)

Using certainty function c[n] as an element-wise matrix operator
we can also define certainty images to simplify our notation:

C0(x) = c[I0(x)] (65)
C1(x) = c[I1(x)] (66)

Now, if we add the exposure parameter κ and certainty to
equation (5), we get:

εm =
X

∀x

C0(x)C1(x)
ˆ

Ī1(f(x,m)) − κĪ0(x)
˜2 (67)

Equation (11) now becomes:

εm ≈
X

∀x

C0(x)C1(x)
ˆ

Ī1(x) + ∇Ī1(x)J(x)d− Ī0(x)
˜

2

(68)

With the least squares solution:

Ā

»

d

κ

–

= −b̄ (69)

where

Ā =
X

∀x

C0(x)C1(x)

»

J(x)∇Ī1(x)
Ī0(x)

–

ˆ

∇Ī1(x)TJ(x)T Ī0(x)
˜

(70)

and

b̄ =
X

∀x

C0(x)C1(x)̄I1(x)

»

J(x)∇Ī1(x)
Ī0(x)

–

(71)

The motion parameters m can now be iteratively estimated us-
ing the steps outlined in section 2.1, with the simple difference of
warping both the photoquantity image Ī0(x) and the certainty im-
age C0(x) at step (ii), and recomputing Ā and b̄ using the warped
images to estimate the motion improvement m′.

5. CREATING HIGH DYNAMIC RANGE MANIFOLD
MOSAICS

The system was implemented using a Sony DCR-TRV110 Digital
Handycam. The response function of the camera was solved using
the method presented in this paper. The results of the can be seen



in figure 5. The focal length of the camera was estimated from
a sequence of images spatially registered using the 8-parameter
projective method. For details see section 2.3.

Pairwise estimates from a video sequence are estimated in a
two step process. First the multiscale 3-parameter rotation method
is used to create an initial estimate of the interframe transformation
(section 2.2). Then the estimate is refined by using the combined
spatial and tonal alignment technique presented in section 4.

It was found that this procedure produced the quickest and
most stable transformation estimates. While not descried in this
paper, an affine motion model was also tested for roughly estimat-
ing the transformation. It was however, drastically outperformed
by the rotation method for all situations except for pure translatory
camera motion and zoom. It was also found that the performance
in the rotation method was rather insensitive to moderate errors in
the focal length. Note that when a very large focal length is used
in the model, the resulting projective transformations degenerate
to similarity transformations, which also perform very well for a
rough motion estimate in many cases. Thus, when the focal length
is not known, an overestimate can be used in this two step process,
to aid in finding the true focal length.

Since the rotation model is only used for coarse estimates,
the input images are blurred with a gaussian kernel with σ = 2,
whereas for the final refinements σ = 1 is used. See figures 7 and
8 to see the method in action. Figure 7 shows the input images.
Figure 8 shows the estimate from the rotation method (note the
greater blurring), and the refinement from the joint spatial/tonal
alignment.
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Fig. 7: Images to be spatially and tonally aligned
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Fig. 8: Results (in the form of difference images) from the two stage alignment tech-
nique. On the left: the results from the rotation model estimate. On the right: the
refinement from the spatial/tonal projective method.

The system implemented produces mosaics from a sequence
of input images using a similar method to the Rectified Mosaicing
With Asymmetrical Strips presented by Peleg et. al. [1]. It was
found that both the Asymmetric and Symmetric strip algorithms
created visually undesirable results for images with very little mo-
tion between them. 2 This system uses a simplifed approach that

2It is possible that a imperfection in my implementation caused the poor

produces very good results even with very large camera motions.
The technique uses rectangular vertical strips with a width deter-
mined by the horizontal offset of the origin between time adjacent
images. More precisely, the vertical strip used from image Ik be-
gins at the centre line of the image and ends at the horizonatal
positon of the origin of image Ik+1 projected into Ik (using the
projective transformation relating the spatial coordinates relating
the two images). This strip is then cemented into the mosiac using
the vertical offset determined by the vertical position of the origin
of Ik projected into Ik−1 (using the transformation relating Ik and
Ik−1).

Before cementing the image strips into the final mosaic, they
are first converted to photoquantities using the inverse camera re-
sponse function. The resulting panorama thus tonally aligned and
is linear in light. Using this method, these panoramas can have
very high dynamic range (depending on the input sequence used)
and must viewed accordingly. A simple method so see everything
is to take the sqare root of the light quantities in the panorama and
scale the result to [0, 255] for displaying. Figure 9 displays the
results of this method for a kitchen scene with a window. Another
method is to use the camera response function to produce a picture
taken by a virtual camera. To do this we multiply the panoramic
photoquantities by a scaling factor to achieve the desired exposure,
and then use the camera response function to generate a picture as
the camera would have seen it. We can see the results using this
display method, for the same kitchen scene in figures 10, 11 and
12.

To illustrate the robustness of the motion estimation method
and the effect of spatial/tonal alignment, the same kitchen scene
was processed using every 15th video frame. Figure 13 shows the
spatially and tonally registed mosiac and figure 14, shows the same
composite without the tonal alignment.
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Fig. 14: Kitchen sequence mosiac created without tonally adjusting the strips.
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